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Abstract
We diagonalize Majorana neutrino mass matrix with the help of PMNS matrix and obtain analyt-
ical relations between the mass matrix elements and mixing parameters, viz., three mixing angles-
θ12, θ23, θ13 and Dirac CP phase δ. We analyse our results in a special µ − τ symmetric mass
matrix which corresponds to maximal atmospheric mixing (θ23 = pi/4) and maximal CP violation
(δ = −pi/2). The analysis shows that a deviation of θ23 from its maximal value can be correlated
with the prediction of other two mixing angles.
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1 Introduction
Precise measurements of neutrino mixing angles and mass squared differences have been made
almost possible by the continuous effort provided by the oscillation experiments [1–5]. Other issues
like the determination of CP phase and mass ordering, problem of octant degeneracy are expected
to be solved in the near future [6,7]. People are trying to understand the underlying theory behind
the lepton flavor mixing [8, 9] using different approaches including µ − τ symmetry [10–13]. The
lepton mixing matrix or PMNS matrix, which appears in the weak charged current of left-handed
charged lepton fields and neutrino fields, can be expressed as UPMNS = (U
l
L)
†UνL. Here U
l
L and U
ν
L
are the mixing matrices for left handed charged leptons and neutrinos respectively. These mixing
matrices also diagonalize the mass matrices for respective fields. In the basis where charged lepton
mass matrix is taken as a diagonal matrix (that means U lL is identity matrix), lepton mixing matrix
UPMNS and the neutrino mixing matrix U
ν
L become same. The effective Majorana neutrino mass
term is given by
Lmass = −1
2
(
νce ν
c
µ ν
c
τ
)
L
Mν

νeνµ
ντ


L
, (1)
where νcα = Cν¯α
T represents charge conjugation of the fields να (α = e, µ, τ). Mν is the Majorana
neutrino mass matrix which is a symmetric matrix having six complex elements or twelve real
parameters. One can diagonalize this mass matrix with the help of the neutrino mixing matrix UνL
to obtain the three mass eigenvalues. We consider the basis where the charged lepton mass matrix
is already diagonal, such that UνL and UPMNS are same.
In the standard parametrization PMNS matrix is parametrized as
UPMNS = R23U13R12P, (2)
where
R12 =

 c12 s12 0−s12 c12 0
0 0 1

 , R23 =

1 0 00 c23 s23
0 −s23 c23

 ,
U13 =

 c13 0 s13e
−iδ
0 1 0
−s13eiδ 0 c13

 ,
and P = diag(e−iα, e−iβ, 1). Here cij = cos θij and sij = sin θij (i, j = 1, 2, 3), θij being the mixing
angles. U13 contains the Dirac phase δ and P contains the Majorana phases α and β. One can
diagonalize Mν with the help of UPMNS and may obtain useful relations between the mass matrix
elements and mass eigenvalues and the mixing parameters viz. three mixing angles and Dirac
CP phase. The analysis would involve twelve real quantities that parameterize Mν . As a simpler
choice, instead of Mν , a hermitian matrix M = M
†
νMν can be taken for analysis. Under such
simplification number of real parameters of the mass matrix reduces to nine. Detail analysis with
such a hermitian mass matrix is found in References [14–18]. So far the hermitian matrix M is
considered, the diagonalization usually provides relationships between the mixing parameters and
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elements of M . Direct connections between mixing parameters and the elements of Mν become no
longer visible. In this work we attempt to analyze the relationships between mixing parameters
and the elements of Mν by diagonalizing Mν directly with UPMNS. In section 2 we derive some
useful relations and obtain expressions for mixing parameters. In section 3 we analyze our results
for µ − τ symmetric mass matrix and discuss its consequences. Section 4 is devoted to summary
and discussion.
2 Mass Matrix Elements and Mixing Parameters
We write the symmetric Majorana neutrino mass matrix as
Mν =

A B CB D E
C E F

 , (3)
where all the elements (A to F ) are complex. It can be diagonalized by the PMNS matrix as
UTPMNSMνUPMNS = Md, (4)
where Md = Diag{M1,M2,M3}. Since Mν is a symmetric matrix the diagonalization (Eq.(4)) will
in general lead to three complex mass eigenvalues- M1,M2 andM3, which contain three unphysical
phases. In Ref. [17], the authors have discussed a parameter mismatching problem which is often
encountered in the diagonalization of Mν . From this point of view we note that with these three
complex eigenvalues, parameter counting of either side of Eq.(4) is balanced. That means Mν and
U∗PMNSMdU
†
PMNS contain twelve real parameters each. Square of the mass eigenvalues will be
given by m2i = M
∗
i Mi (i = 1, 2, 3), which are free from the unphysical phases.
To carry out the diagonalization, we follow the useful steps available in Refs. [17, 18], and
re-express Eq.(4) as
RT
23
MνR23 = U
∗
13
R12P
∗MdP
†RT
12
U †
13
. (5)
Denoting left hand side of Eq.(5) by X , matrix elements are given by
X11 = A
X12 = c23B − s23C
X13 = s23B + c23C
X22 = c
2
23
D + s2
23
F − 2s23c23E
X23 = s23c23(D − F ) + (c223 − s223)E
X33 = s
2
23
D + c2
23
F + 2s23c23E (6)
Similarly we can obtain matrix elements of the right hand side of Eq.(5) which contain the mass
eigenvalues Mi’s. Then equating the matrix elements of Eq.(5) we get total six equations. Half of
these six equations provide us to express Mi’s in terms of A, B and C, while the other half can be
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solved to express Mi’s in terms of D, E and F . The obtained expressions for Mi’s in terms of A,
B and C, are
M1e
−2iα = A− t12
c13
X12 − t13X13eiδ,
M2e
−2iβ = A +
1
c13t12
X12 − t13X13eiδ,
M3 =
(
Ae−iδ +
1
t13
X13
)
e−iδ, (7)
and those in terms of D, E and F are given by
M1e
−2iα = X22 +
1
s13t12
X23e
iδ,
M2e
−2iβ = X22 − t12
s13
X23e
iδ,
M3 =
1
c2
13
X33 − t213X22e−2iδ −
2s13
c2
13
tan 2θ12X23e
−iδ, (8)
where tij (i, j = 1, 2, 3), represents tan θij and Xij’s (i, j = 1, 2, 3), are defined in Eq.(6). Since
the eigenvalues Mi’s involve unphysical phases we first want to eliminate them to carry out the
analysis. Comparing Eq.(6) and Eq.(7) we can easily execute the elimination. Appearance of
the Majorana phases α and β in Eqs.(6) and (7) is also interesting to note. While eliminating
Mi’s, these phases also disappear from the resulting expressions which, in deed, reflects the fact
that in the analysis of the structure of Mν , Majorana phases are irrelevant [14]. Eliminating Mi’s
we obtain three constraint equations which involve only the mass matrix elements and mixing
parameters. These are given by
D + F = (1 + e−2iδ)A+
(
1
2
sin 2θ13e
−iδ − 2t13 cos δ
)
X13
+ 2 tan 2θ12
(
1
c13
+ c13e
−2iδ
)
X12, (9)
D − F = −2
(
tan 2θ23E +
t13
sin 2θ23
X12e
−iδ
)
, (10)
E =
1
2
sin 2θ23(−1 + e−2iδ)A + 1
2
sin 2θ23
(
t13e
iδ +
2
tan 2θ13
e−iδ
)
X13
− sin 2θ23
c13
(
1
tan 2θ12
+
s13
tan 2θ23
e−iδ +
2s2
13
tan 4θ12
e−2iδ
)
X12. (11)
Though it will be a lengthy calculations, still one can use these equations to express three of the
mass matrix elements in terms of the others. These equations will be useful in the texture analysis
of the mass matrix. We then proceed to express the mixing angles and the CP phase in terms of
the mass matrix elements. To make the expressions simple we first want to define five quantities:
λ1 = Re(A
∗X22), λ2 = Re(A∗X12), λ3 = Re(A∗X13eiδ), λ4 = Re(X∗22X13e
iδ), λ5 = Re(X
∗
12
X13e
iδ).
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Mixing angles θ13 and θ12 can be expressed as
tan θ13 =
∣∣∣∣−X23X12 eiδ
∣∣∣∣ = |X23||X12| , (12)
tan 2θ12 =
∣∣∣∣− 2c13
X12
A−X22 − t13X13eiδ
∣∣∣∣
=
2
c13
|X12|√
|A|2 +|X22|2 + t213|X13|2 − 2c13λ1 − 2s13λ3 + 2t13λ4
, (13)
with
|X12|2 = c223|B|2 + s223|C|2 − sin 2θ23Re(B∗C),
|X13|2 = s223|B|2 + c223|C|2 + sin 2θ23Re(B∗C),
|X23|2 = 1
4
sin2 2θ23
∣∣(D − F )∣∣2 + cos2 2θ23|E|2 + 1
2
sin 4θ23Re((D − F )∗E),
|X22|2 = c423|D|2 + s423|F |2 + sin2 2θ23|E|2
+
1
2
sin 2θ23
[
sin 2θ23Re(D
∗F )− 4 (s2
23
Re(F ∗E) + c2
23
Re(D∗E)
)]
. (14)
We note that the expression for θ13 (Eq.(12)) is free from the mixing angle θ12. The CP phase can
be expressed as
tan δ =
Im(X∗
23
X12)
Re(X∗
23
X12)
. (15)
Finally square of the mass eigenvalues can be obtained either from Eq.(7) or Eq.(8). From Eq.(7)
we have
m2
1
= |A|2 + t
2
12
c2
13
|X12|2 + t213|X13|2 −
2t12
c13
(
λ2 +
s13
t12
λ3 − t13λ5
)
,
m2
2
= |A|2 + 1
t2
12
c2
13
|X12|2 + t213|X13|2 + 2
1
t12c13
(λ2 − s13t12λ3 − t13λ5) ,
m2
3
= |A|2 + 1
t2
13
|X13|2 + 2
t13
λ3, (16)
which involve matrix elements A, B and C only. Similar expressions can also be obtained from
Eq.(8) which will involve matrix elements D, E and F only.
3 Mass matrix with µ− τ symmetry
We now want to analyze our results for a special texture of mass matrix. The general µ − τ
symmetric mass matrix has the form 
 A B −BB D E
−B E D

 . (17)
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Here A, B, D and E are in general complex. The special property of µ−τ symmetric mass matrix
is that it predicts maximal atmospheric mixing (θ23 = pi/4), leaving θ12 arbitrary. In addition,
above mass matrix sets θ13 = 0 and CP phase δ = 0. Specific examples of such µ − τ symmetric
mixing schemes are Bi-maximal mixing [19], Tri-bimaximal mixing [20] etc. An extended version
of µ−τ symmetric mass matrix which accommodate non-zero θ13 along with maximal CP violation
is given by 
 A B −B
∗
B D E
−B∗ E D∗

 =

A Re(B) + iIm(B) −
(
Re(B)− iIm(B))
· Re(D) + iIm(D) E
· · Re(D)− iIm(D)

 . (18)
Here A and E are real. This mass matrix corresponds to δ = −(pi/2). It has been discussed in
a number of works with discrete flavour symmetry models [21–26]. As the oscillation data points
out a near maximal value of atmospheric mixing, it enriches the phenomenological importance of
the mass matrix.
For this mass matrix (with θ23 = pi/4 and δ = −(pi/2)), we then obtain the other two mixing
angles from Eq.(12) and Eq.(13) which are given by
tan θ13 = − 1√
2
Im(D)
Re(B)
, (19)
and
tan 2θ12 = − 2
c13
√
2
(
Re(B)
)2
(A + E)Re(B) + Im(B)Im(D)− Re(B)Re(D) . (20)
These expressions show that the mixing angles are purely expressible in terms of the mass matrix
elements, for the µ− τ symmetric mass matrix in Eq.(18).
We now want to break the symmetry of the mass matrix in order to have deviation of θ23
from its maximal value, keeping δ fixed at −(pi/2). In order to do that we choose the positive
variable δθ23 as a symmetry breaking parameter, where δθ23 accounts for the deviation of θ23 from
its maximal value through the relation θ23 = (pi/4)± δθ23. The ’±’ signs correspond to the case
whether θ23 lies in first or second octant respectively. A specific choice for breaking µ−τ symmetry
then follows the mass matrix
A Re(B)∆∓ + iIm(B)∆± −
(
Re(B)∆± − iIm(B)∆∓
)
· Re(D)± Es2δθ + iIm(D)c2δθ Ec2δθ ∓ iIm(D)s2δθ
· · Re(D)∓ Es2δθ − iIm(D)c2δθ

 , (21)
where we have used the abbreviations- ∆± = cos δθ23 ± sin δθ23 and s2δθ = sin(2δθ23), c2δθ =
cos(2δθ23). Comparison of Eq.(18) and Eq.(21) reflects the pattern of breaking the symmetry. The
corresponding mixing matrix will look like (from Eq.(2))
 c12c13 s12c13 is131√2 (−s12∆∓ + ic12s13∆±) 1√2 (c12∆∓ + is12s13∆±) 1√2c13∆±
1√
2
(s12∆± + ic12s13∆∓) 1√
2
(−c12∆± + is12s13∆∓) 1√
2
c13∆∓

 . (22)
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Under this symmetry breaking pattern the mixing angles θ13 and θ12 (from Eqs.(12) and (13))
become
tan θ13 =
1√
2
√√√√ E2s22δθ + (Im(D))2 c22δθ(
Re(B)
)2
c2δθ +
(
Im(B)
)2
s2δθ
, (23)
tan 2θ12 =
√
2
c13
√(
Re(B)
)2
c2δθ +
(
Im(B)
)2
s2δθ
W 2
1
+W 2
2
, (24)
with
W1 = A−Re(D)−
√
2t13Im(B)cδθ + Ec2δθ, W2 = ±2
(√
2t13Re(B)sδθ + Im(D)s2δθ
)
.
The abbreviations sδθ/cδθ respectively represent sin δθ23/ cos δθ23. Comparison of Eqs.(19) and (20)
with Eqs.(23) and (24) shows the effect of δθ23 on the prediction of mixing angles upon symmetry
breaking. From the expressions (23) and (24) we note that the mixing angles are correlated with
the deviation parameter. In conclusion these results can be viewed as follow: the mass matrix in
Eq.(18) predicts maximal θ23 mixing and maximal CP violation. When we employ the parameter
δθ23 to deviate θ23 from its maximal value, other two mixing angles (θ13 and θ12) become solely
dependent on δθ23, provided the mass matrix elements are being treated as free parameters. This
result may have implications on model building purpose.
4 Summary and discussion
Majorana neutrino mass matrix, which contains six independent complex elements, can be diago-
nalized by the PMNS matrix. The diagonalization allows us to obtain relations between the mass
matrix elements and mixing parameters. We derive three such equations which can be used to
constrain three of the six independent mass matrix elements. We also find out expressions for the
mixing angles and the Dirac CP phase in terms of those mass matrix elements. These expressions
and constrain equations may be helpful in discussing specific neutrino mass models. We implicate
our results on a specific µ−τ symmetric mass matrix that predicts θ23 = pi/4 and δ = −(pi/2). For
the mass matrix other two mixing angles are found to be related with the mass matrix elements
by simple formulae. Next we consider a specific pattern of broken µ − τ symmetry of the mass
matrix by a parameter that itself accounts for a deviation of θ23 from its maximal value. The
case of maximal CP violation is remained unchanged. Under this symmetry breaking scheme the
expressions for θ13 and θ12 show a correlation with the deviation parameter. This, in other sense,
reveal a property of neutrino masses and mixings that if we rely on µ− τ symmetry to realize neu-
trino mixing, the mixing angles θ13 and θ12 can be made predictable from the deviation parameter
itself, provided the mass matrix elements are being considered as free parameters. The analysis
made in this work will help in the discussion of various models of neutrino masses and mixings
with CP violation.
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